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Abstract 

We study some alternative concepts for a fuzzy normed space and a fuzzy 2-

normed space together with a fuzzy inner product space and a fuzzy 2-inner 

product space. The method is to make use of fuzzy points. We also discuss the 

relation between a normed space and a fuzzy normed space and the 

generalization of a fuzzy normed space to a fuzzy 2-normed space. Conversely, 

a fuzzy 2-normed space is reduced to a fuzzy normed space. The same method 

is applied to fuzzy inner product spaces. 

1. Introduction 

The theory of fuzzy sets was first introduced by L. Zadeh in 1965. Since then the 

applications of the fuzzy sets have advanced in many disciplines. In mathematics, the 

developments of the fuzzy sets have advanced not only in analysis, but also in 

numerical analysis, operations research, statistics, and algebra [3, 5, 11, 17, 18, 23]. 

In mathematical analysis, the concept of fuzzy has developed to a fuzzy -n  

metric space and a fuzzy -n normed space. The concept of fuzzy normed space and 

fuzzy 2-normed space to fuzzy -n normed space are approached from two sides. 
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First, the fuzzy normed space is intuitionisticly approached using the concept of the 

continue -n norm and the continue -n conorm [3, 21, 22, 23, 26]. On the one hand, 

the definition of the fuzzy normed space begins by defining a function 

[ ],1,0: →× RXN  where X is a real linear space [4, 9, 25], on the other hand [14, 

15, 22] introduce the fuzzy normed space using the fuzzy point approach of a fuzzy 

set. However, using the approach they introduce, the previous authors have not 

developed yet the fuzzy normed space to fuzzy 2-normed space. They also have not 

developed yet a fuzzy inner product space to a fuzzy 2-inner product space. Then, 

Mashadi [18] approaches a fuzzy normed space by -t norms and -t conorms, but he 

does not provide the generalization of a fuzzy 2-normed space. 

Based on the above explanation, by a bit modification on the definition of the 

fuzzy normed space and the fuzzy inner product space in [14, 15, 16], we construct a 

fuzzy 2-normed space and a fuzzy 2-inner product space. 

2. Fuzzy Normed Space and Fuzzy Inner Product Space 

Let X be any set. Then a fuzzy set A
~

 in X is characterized by a membership 

function ( ) [ ].1,0:~ →µ Xx
A

 Then A
~

 can be written as 

{( ( )) ( ) }.10,|,
~

~~ ≤µ≤∈µ= xXxaxA
AA

 

Definition 2.1. A fuzzy point xP  in X is a fuzzy set whose membership function 

is 

( )


 =α

=µ
else,0

,if, xy
y

xP  

for all ,Xy ∈  where .10 <α<  We denote fuzzy points as αx  or ( )., αx  

Let X be a vector space over a field ,K  and let A
~

 be a fuzzy set in .X  Then A
~

 

is said to be a fuzzy subspace in X if for all X∈yx,  and K∈λ  satisfy 

i. ( ) { ( ) ( )}.,min ~~~ yxyx
AAA

µµ≥+µ  

ii. ( ) ( ).~~ xx
AA

µ≥λµ  

Definition 2.2. Let ax  be a fuzzy point and A
~

 be a fuzzy set in .X  Then 

A
~

∈ax  if ( ).~ x
A

µ≤α  
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Definition 2.3. Let X be a vector space over a field K RK =(  or ),CK =  fix 

[ ].1,0=I  Then a mapping from AA
~~

×  to a field ,K  that is for each pair of fuzzy 

vector ,αx  βy  there exists a associated scalar written as ( )βα yx ,  or ( ),, λyx  

where { }βα=λ ,min  and ( ],1,0, ∈βα  for all vectors ,αx  ,βy  ,γz  where 

{ }γβα=λ ,,min  and skalar r holds if it satisfies the following properties: 

(FIP1) ( ) 0, ≥λxx  and ( ) 0, =λxx  if and only if .0=x  

(FIP2) ( ) ( ).,, λ=λ xyyx  

(FIP3) ( ) ( ).,, λ=λ yxryrx  

(FIP4) ( ) ( ) ( ).,,, λ+λ=λ+ zyzxzyx  

(FOP5) If ,10 <α≤σ<  then ( ) ( ),,, σ≤α xxxx  then there exists 

α<α< n0  so that ( ) ( ).,,lim α=α∞→ xxxx nn  

Then ( )...,  is a fuzzy inner product and ( )( )...,;X  is a fuzzy inner product space. 

Kamali and Mazaheri [10] show that if ( )..,;X  is an ordinary inner product 

space, if we define fuzzy inner product space as ( ) yxyx ,
1

,
λ

=λ  for all 

,
~

, A∈βα yx  where { }βα=λ ,min  and ( ],1,0, ∈βα  then ( )( )...,;X  is a fuzzy 

inner product space. So, if ( )( )...,;X  is a fuzzy inner product space and we define 

=yx,  ( ) ,,, βα=λ yxyx  then we have ( )..,;X  an ordinary inner product 

space. Kider [14] proves that ( )( )...,;X  is a fuzzy inner product space, for all 

,
~

, A∈βα yx  fuzzy Cauchy-Schwarz inequality holds, that is ( ) ≤λ 2
, yx  

( ) ( ) ( ) ( ),,, λ⋅λ yyxx  where ( ]1,0, ∈βα  and { }.,min βα=λ  

Definition 2.4. Let X be a vector space over a field ,K  and let 

[ )∞→ ,0.
~

:. A
f

 be a function that associates each point αx  in ,X  ( ]1,0∈α  

nonnegative real numbers 
f

.  so that 

(FN1) 0=α f
x  if and only if .0=x  
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(FN2) ,αα λ=λ xx
f

 for all .K∈λ  

(FN3) .
fff

yxyx βαβα +≤+  

(FN4) If ,10 <α≤σ<  then ,
ff

xx σα ≤  and there exists α<α< n0  

such that .lim αα∞→ = xx
fnn  

Then 
f

.  is called a fuzzy norm and ( )
f

..X  is called a fuzzy normed space. 

Definition 2.4 above is slightly different from the definition given by Kider [14], 

where Kider gives the definition in the form of 

( )1FN ′  If ,0=α  then .0=α f
x  

( )1FN ′′  If ,0≠α  0=α f
x  if and only if .0=x  

However, property ( )1FN ′  should not be exist, because in the previous it 

mentioned that ( ].1,0∈α  So, for the next discussion we remain using Definition 2.4 

for the definition of a fuzzy norm. 

Based on Definition 2.4, it shows that in [15-17] the relationship between an 

ordinary norm and a fuzzy norm that is by defining xx
f α

=α
1

 for all 

,X∈αx  where ( ],1,0∈α  then ( )
f

.;X  is a fuzzy normed space. Conversely if 

f
xα  is a fuzzy normed space, then it is defined that ( )

ff
xxx 1,1 ==  

is a normed space. So, if we have a normed space, then we can always construct a 

fuzzy normed space and vice versa, in other words a normed space is equivalent to a 

fuzzy normed space. So, all properties that hold for a norm space also hold for a 

fuzzy normed space. 

Kider [14] and Kider [15] mention that if ( )( )...,;X  is a fuzzy inner product 

space, then the fuzzy norm [ ]2

1

, ααα = xxx  satisfies a fuzzy parallelogram, that 

is, 

( ) ( ) [ ( ) ( )]λ+λ=λ−+λ+ 2222
2 yxyxyx  

for each ( ),XPyx ∈− βα  where ( ]1,0, ∈βα  and { }.,min βα=λ  
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3. Fuzzy 2-inner Product Space and Fuzzy 2-normed Space 

Referring to above definitions, for what follows we define a fuzzy 2-inner 

product space and fuzzy 2-normed space. 

Definition 3.1. A fuzzy 2-inner product space on ,X  where X is a vector space 

over field ,K  is a mapping from AAA
~~~

××  into field ,K  that is for each pair of 

vectors γβα zyx ,,  there exists an associated scalar γβα zyx |,  or ( ),|, λzyx  

where { },,,min γβα=λ  ( ]1,0,, ∈γβα  and is called a fuzzy 2-inner product of 

βα yx ,  and γz  so that for all fuzzy vectors ,αx  ,βy  ,γz  ,δw  where 

{ }δγβα=λ ,,,min  and scalar i if it satisfies the following properties: 

(F2IP1) ( ) ,0|, ≥λwxx  for each ( ),, XPwx ∈δα  

( ) 0|, =λwxx    if and only if δα wx ,  are linearly dependent. 

(F2IP2) ( ) ( ).|,|, λ=λ xwwwxx  

(F2IP3) ( ) ( ).|,|, λ=λ wxywyx  

(F2IP4) ( ) ( ).|,|, λ=λ wyxrwyrx  

(F2IP5) ( ) ( ) ( ).|,|,|, λ+λ=λ+ wzywzxwzyx  

(F2IP6) If ,10 <ρ≤σ<  then ( ) ( )σ≤ρ wxxwxx |,|,  and there exist 

ρ<ρ< n0  so that ( ) ( ).|,|,lim ρ=ρ∞→ wxxwxx nn  

If all of the six properties are satisfied, then ( )( )..|..,;X  is called a fuzzy 2-inner 

product space. 

Let ( )( )..|..,;X  be an ordinary inner product space. Define 

( ) ,|,
1

|, zyxwyx
λ

=λ  then 

1. It is clear that ( ) .0|,
1

|, ≥
λ

=λ zxxwxx  

Let ( ) zxzxxwxx ,0|,0|, ⇔=⇔=λ  be linearly dependent. 
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2. ( ) ( ).|,|,
1

|,
1

|,
1

|, λ=
λ

=
λ

=
λ

=λ xwwxwwxwwwxxwxx  

3. ( ) ( ).|,|,
1

|,
1

|, λ=
λ

=
λ

=λ wxywxywyxwyx  

4. ( ) ( ) ( ).|,|,
1

|,
1

|, λ=
λ

⋅=
λ

=λ wyxrwyxrwyrxwyrx  

5. 

( ) wzyxwzyx |,
1

|, +
λ

=λ+  

( )wzywzx |,|,
1

+
λ

=  

wzywzx |,
1

|,
1

λ
+

λ
=  

( ) ( ).|,|, λ+λ= wzywzx  

6. If ,10 <ρ≤σ<  then ,
11

σ
≤

ρ
 then wxxwxx |,|,

1

σ

1
=

σ
 or 

( ) ( ).|,|, σ≤ρ wxxwxx  

Next, let ρ





 −=ρ

nn
1

1  so that 

( ) wxxwxx
n

nnn |,
1

lim|,lim
ρ

=ρ ∞→∞→  

wxx |,
1

ρ
=  

( ).|, ρ= wxx  

So, from the six above properties satisfied, it can be concluded that for every 

( )( )...,;X  we can always construct a fuzzy inner product space ( )( )...|..,;X  

Proposition 3.2. Let ( )..,;X  be a fuzzy inner product space. Define a 

function 
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( )
( ) ( )

( ) ( )
.

,,

,,
|,

λλ

λλ
=λ

wwyw

wxyx
wyx

s
 

It can be showed that ( )λ
s

wyx |,  is a fuzzy 2-inner product. 

Proof. (F2-IP1) By Cauchy-Schwarz inequalities, it is clear that 

( ) ,0|, ≥λwxx  for all ( )., XPwx ∈δα  

(F2-IP2)  

( )
( ) ( )

( ) ( )λλ

λλ
=λ

wwyw

wrxyrx
wyrx

,,

,,
|,  

( ) ( )

( ) ( )λλ

λλ
=

wwyw

wxyx
r

,,

,,
 

( ).|, λ= wyxr  

(F2-IP3) Thus for property (F2IP4) 

( )
( ) ( )

( ) ( )λλ

λλ
=λ

wwyw

wxyx
wyx

s ,,

,,
|,  

( ) ( )

( ) ( )λλ

λλ
=

wwwy

xwxy

,,

,,
 

( ).|, λ=
s

wxy  

(F2-IP4) Next, note that 

( )
( ) ( )

( ) ( )λλ

λλ
=λ

wwxw

wxxx
wxx

s ,,

,,
|,  

( ) ( )

( ) ( )λλ

λλ
=

xxwx

xwww

,,

,,
 

( ).|, λ=
s

xww  (*) 

(F2-IP5) Note the relationship 

( )
( ) ( )

( ) ( )λλ

λ+λ+
=λ+

wwyw

wyxzyx
wzyx

,,

,,
|,  
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( ) ( ) ( ) ( )

( ) ( )λλ

λ+λλ+λ
=

wwyw

wywxzyzx

,,

,,,,
 

( ) ( )

( ) ( )

( ) ( )

( ) ( )λλ

λλ
+

λλ

λλ
=

wwyw

wyzy

wwyw

wxzx

,,

,,

,,

,,
 

( ) ( ).|,|, λ+λ= wzywzx  

(F2-IP6) Let .10 <α≤σ<  Then 
σ

≤
α

11
 and so 

 wxxwxx |,
1

|,
1

α
≤

α
   or   ( ) ( ).|,|, σ≤α wxxwxx  ■ 

Remark 

1. Notice the relationship 

( )
( ) ( )

( ) ( )λλ

λλ
=λ

wwyw

wxyx
wyx

s ,,

,,
|,  

( ) ( )

( ) ( )
,

,,

,,

λλ

λλ
=

wwwy

xwxy
 

( ) ( )

( ) ( )
( )λ=

λλ

λλ
s

wxy
wwxw

wyxy
|,

,,

,,
 

but 

( )
( ) ( )

( ) ( )λλ

λλ
=λ

wwxw

wyxy
wxy

s ,,

,,
|,  

( ).|, λ≠
s

wyx  

So ( ) ( ) ( ).|,|,|, λ≠λ=λ
sss

wyxwxywyx  

2. Notice the relationship 

( )
( ) ( )

( ) ( )λλ

λλ
=λ

xxwx

xwww
xww

s
,,

,,
|,  
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( ) ( )

( ) ( )λλ

λλ
=

xxxw

wxww

,,

,,
 

( ) ( )

( ) ( )λλ

λλ
=

xxwx

xwww

,,

,,
 

( ).|, λ=
s

xww  (**) 

So, from (*) and (**) it states that 

( ) ( )λ=λ
ss

xwwwxx |,|,  

( ).|, λ=
s

xww  

Then the properties (F2IP3) above can be replaced by ( ) ( ).|,|, λ=λ
ss

xwwwxx  

Referring to fuzzy normed space in [14, 15], if we define for every fuzzy point 

( )λβα +=+ yxyx  by { },,max βα=λ  then we can define a fuzzy 2-normed space 

as follows: 

Definition 3.3. Let X be a vector space over a field ,K  and let 

[ )∞→ ,0
~

:.., A
f

 be a function associated every point βα yx ,  in ,
~
A  

( ]1,0, ∈βα  nonnegative real numbers 
f

..,  so that 

(FN1) 0, =βα f
yx  if and only if x and y are linearly dependent. 

(FN2) 
ff

yyyx αββα = ,,  for all βα yx ,  in .X  

(FN3) ,,, βαβα λ=λ yxyx
f

 for all βα yx ,  in X and any .K∈λ  

(FN4) 
fff

zyzxzyx γγαγβα +≤+ ,,,  for all βα yx ,  and γz  in .X  

(FN5) If 10 <α≤ρ<  and ,10 <β≤α<  then ,,,
ff

yxyx σρβα <  

and there exists α<α< n0  and β<β< n0  so that 
fnn n

yx βα→ ,lim ~  

.,
f

yx βα=  

Then 
f

..,  is called a fuzzy 2-norm and ( )
f

..,.X  is called a fuzzy 2-normed 
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space. By Definition 3.3 above, we then have the relationship between the ordinary 

norm and fuzzy norm as follows: 

Proposition 3.4. Let ( )..,.X  be an ordinary 2-normed space. Define 

,,
1

, yxyx
f δ

=βα  where { },,max βα=δ  for all A
~

,, ∈γβα zyx  and 

( ],1,0,α, ∈γβ  then ( )
f

..,.X  is a fuzzy 2-normed space. 

Proof. Let ,
~

, A∈βα yx  where ( ]10,, ∈βα  and .K∈λ  Then 

(FN1) xyxyxyx
f

⇔=⇔=
δ

⇔=βα 0,0,
1

0,  and y linearly 

dependent. 

(FN2) .,,
1

,
1

,
ff

xyxyyxyx αββα =
δ

=
δ

=  

(FN3) .,,,
1

,
ff

yxyxyxyx βαβα ⋅λ=
δ

λ
=λ

δ
=λ  

(FN4) 

( ) ,,,
ff

zyxzyx βτγβα +≤+  where { }βα=τ ,max  

zyx ,
1

+
ρ

=  

,,
1

,
1

zyzx
ρ

+
ρ

≤  where { }γτ=ρ ,max  

,,
1

,
1

zyzx
ϑ

+
µ

≤  where { }γα=µ ,max  and { }γβ=ϕ ,max  

.,,
ff

zyzx γβγα +=  

(FN5) If 10 <α≤ρ<  and ,10 <β≤σ<  let { }β=δ ,0max  and 

{ },,max σρ=τ  then ,δ≤τ  so ,
11

τ
≤

δ
 then ,

,,

τ
≤

δ

yxyx
 it means that 

( ) ( ),,, σ≤δ yxyx  in other words .,,
ff

yxyx σρβα <  Next let 
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α





 −=α

nn
1

1  and .
1

1 β





 −=β

nn  Then yxyx
n

nfnn n
,

1
lim,lim ~~ δ

= →βα→  

,,,
1

f
yxyx βα=

δ
=  where { }.,max nnn βα=δ  ■ 

Conversely, by Definition 3.3 if 
f

yx βα ,  is a fuzzy 2-normed space, define 

f
yxyx β= ,, 1  or ,,, 1 f

yxyx α=  is a 2-normed space. So by 

Definition 3.3 and Proposition 3.2 it follows that whenever we have a 2-normed 

space, then we can always construct a fuzzy 2-normed space and vice versa, in other 

words the 2-normed space equivalent to a fuzzy 2-normed space. So, all properties 

applied to norm space are also applied to fuzzy normed space. 

Theorem 3.5. Let ( )
f

. .X  be a fuzzy normed space. Define 





⋅

=−
=

βα

βα
βα .,

,0,0
,

lainnyayx

yxif
yx

ff

f
f

 

Then ( )
f

. .,.X  is a fuzzy 2-normed space. 

Proof. 

(FN.1) It is clear from definition, ,0, =βα f
yx  if and only if βα yx ,  are 

linearly dependent. 

(FN.2) If βα yx ,  are linearly dependent, clearly ,,,
ff

xyyx αββα =  

then suppose that they are not linearly dependent. Then 

fff
yxyx βαβα ⋅=,  

∗αβ ⋅=
ff

xy  

.,
f

xy αβ=  

(FN.3) .,,
ffffff

yxyxyxyx βαβαβαβα λ=⋅⋅λ=⋅λ=λ  

(FN.4) 

fff
zyxzyx γβαγβα ⋅+=+ ,  
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( )
fff

zyx γβα ⋅+≤  

ffff
zyzx γβγα ⋅+⋅=  

.,,
ff

zyzx γβγα +=  

(FN.5) If 0=− βα f
yx  clearly ,,,

ff
yxyx αρβα <  then let 

,0≠− βα f
yx  and 

fff
yxyx βαβα ⋅=,  so if 10 <α≤ρ<  and 

,10 <β≤σ<  then 
ρ

≤
α

11
 and ,

11

σ
≤

β
 so xx ρ≤

α

1
 in other words 

.
ff

xx ρα ≤  Similarly we have ,
ff

xx αβ ≤  so 
ff

yx βα ⋅  

ff
yx σρ ⋅≤  that implies that .,,

ff
yxyx σρβα <  Next let 

α





 −=α

nn
1

1  and .
1

1 β





 −=β

nn  Then 

ff
n

fn nnnn
yxyx βα

→
βα→ ⋅=

~
~ lim,lim  

xx
nnn β

⋅
α

=
→

11
lim

~
 

xx
β

⋅
α

=
11

 

ff
yx βα ⋅=  

.,
f

yx βα=  

So, 
f

yx βα ,  is a fuzzy 2-norm over X and ( )
f

..,.X  is a fuzzy 2-normed 

space. ■ 

Theorem 3.6. Let ( )
f

..,.X  be a fuzzy 2-normed space. Define 

 ,,,
fff

bxaxx βδαδδ +=  

where αa  and X∈βb  are two linearly independent vectors. Then 
f

xδ  is a fuzzy 

norm and ( )
f

..X  is a fuzzy 2-normed space. 
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Proof. 

(FN1) If ,0=δx  clearly ,0=δ f
x  conversely let .0=δ f

x  Then 

ff
bxax βδαδ = ,,  

.0=  

Then by Definition 3.3, then δx  with αa  and βb  are linearly independent, so there 

exist Rts ∈,  so that .βαδ ⋅=⋅= btasx  However, αa  and βb  are also linearly 

independent, then there must be ,0=β=α  so that .0=δx  

(FN2) It is clear from definitions .
ff

xx δδ ⋅λ=λ  

(FN3) 

fff
byxayxyx βγδαγδγδ +++=+ ,,  

ffff
bybxayax βγβδαγαδ +++≤ ,,,,  

.
ff

yx γδ +=  

(FN4) If 10 <δ≤σ<  above has been shown, there must hold 

αααδ ≤ axax
f

,,    and   
ff

bxbx βσβδ ≤ ,,  

that implies 

fff
bxaxx βδαδδ += ,,  

ff
bxax βσασ ⋅≤ ,,  

.
f

xσ=  

Doing the similar manner to the proof of (FN5) in Theorem 3.5 above, we obtain 

ffn axax
nn αδαδ→ = ,,lim ~    and   .,,lim ~ ffn bxbx

nn βδβδ→ =  

So, 

( )
fnfnfn axaxx

nnnn αδαδ→δ→ += ,,limlim ~~  
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fnfn nnnn
bxax βδ→αδ→ += ,lim,lim ~~  

ff
bxax βδαδ += ,,  

.
f

xδ=  ■ 

Next, it will be shown another alternative to construct a fuzzy normed space from a 

fuzzy 2-normed space. 

Theorem 3.7. Let ( )
f

..,.X  be a fuzzy 2-normed space. Define 

[ ] ,,, 2

1
22

1 fff
bxaxx βδαδ

∗
δ +=  

where αa  and X∈βb  are two linearly independent vectors. Then 
f

xδ  is a fuzzy 

norm and ( )
f

..X  is a fuzzy 2-normed space. 

Proof. 

(FN1) Let .0=δx  Then it is clear that .0
1

=∗
δ f

x  Conversely, let 

,0
1

=∗
δ f

x  it will be shown that .0=δx  Then, there must 0,
2 =αδ f

ax  and 

,0,
2 =βδ f

bx  if and only if ,21 βαδ ⋅=⋅= bkakx  for some ,, 21 Rkk ∈  since 

αa  and βb  there must ,021 == kk  so .0=δX  

(FN2) 

[ ]2

1
22

1
,,

fff
brxarxrx βδαδ

∗
δ +=  

[ ( ]2

1
222 ,,
ff

bxaxr βδαδ +=  

[ ]2

1
22

,,
ff

bxaxr βδαδ +=  

.
1
∗

δ⋅=
f

xr  

(FN3) 

[ ] ,,, 2

1
22

1 fff
byxayxyx βρδαρδ

∗
ρδ +++=+  
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( ) [ ]222
1

,,
fff

byxayxyx βρδαρδ
∗

ρδ +++=+  

[( ) ( ) ]22
,,,,

ffff
bybxayax βρβαραδ +++≤  

[ ) ]2222
,,,,

fffff
bybxayax βρβδαραδ +++≤  

[ ]2222
,,,,

ffff
byaybxax βραρβδαδ +++≤  

[ ] [ ] .,,,, 2

1
22

2

1
22

ffff
byaybxax βραρβααα +++≤  

So, 

.
111
∗

ρ
∗

δ
∗

ρδ +≤+
fff

yxyx  

(FN4) If ,10 <δ≤σ<  since ( )
f

..,.X  is a fuzzy 2-normed space, then it 

holds 
ff

axax ασαδ ≤ ,,  and 
ff

yxyx βσβδ ≤ ,,  such that 

[ ]2

1
22

1
,,

fff
bxaxx βδαδ

∗
δ +=  

[ ]2

1
22

,,
ff

bxax βδσδ +=  

.
2

1
∗

σ=
f

x  

Next, doing the similar proof to (FN5) Theorem 3.6 above, we have 

.lim
11~
∗

δ
∗

δ→ =
ffn xx

n
 

From the above four conditions it implies that 

[ ]2

1
22

1
,,

fff
bxaxx βδαδ

∗
δ +=  

is a fuzzy normed space. ■ 

4. Orthogonality 

On a norm space there are many types of orthogonalities that are introduced by 
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many authors. However, in this paper we discuss only three orthogonalities as 

follows: 

Definition 4.1. Let ( ).;X  be a norm space. Then 

i. Vector x is said to be a P-orthogonal to vector y if .
222

yxyx +=+  

ii. Vector x is said to be an I-orthogonal to vector y if .
22

yxyx −≥+  

iii. Vector x is said to be a B-orthogonal to vector y if 
22

xyx ≥∝+  for 

each .R∈α  

Meanwhile the concepts of orthogonality in a 2-norm space have been developed 

by many authors as the following definition states: 

Definition 4.2. Let ( )..,;X  be a norm space. Then 

i. Vector x is said to be a P-orthogonal to vector y if 
22

,, zxzyx =+  

2
, zy+  for each .Xz ∈  

ii. Vector x is said to be an I-orthogonal to vector y if .,,
22

zyxzyx −≥+  

iii. Vector x is said to be a B-orthogonal to vector y if 
22

,, zxzyx ≥∝+  

for each R∈α  and for each .Xz ∈  

Definition 4.2 attracts so many criticisms [4, 7, 8, 10], specially for B-othogonal. We 

also critisize that definition, because if the above definition is used then the three 

orthogonalities are nothing. Meanwhile if we make use of the definitions of 

orthogonalities from [1, 2], then one of the vector x or y must be a null vector, the 

same view is also provided by [4, 10]. 

Based on the modified definitions of orthogonalities in 2-norm space including 

the ones given in [7, 8], in what follow we give the modified definitions of 

orthogonalities in a fuzzy 2-norm space. 

Definition 4.3. 

i. αx  is said to be P-orthogonal to represented βy  by ( )βα ⊥ yx P  if t here 
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exist subspace ,X⊆V  with codimension 1 such that 

0, ≠+ γβα zyx    and   
222

,,,
fff

zyxzyzx γβαγβγα +=+  

 for all   .Vz ∈γ  

ii. αx  is said to be an I-orthogonal to βy  represented by ( )βα ⊥ yx I  if there 

exists subspace ,X⊆V  with codimension 1 such that 

0, ≠+ γβα f
zyx    and   

22
,,

ff
zyxzyx γβαγβα −=+  

 for all  .Vz ∈γ  

iii. αx  is said to be B-orthogonal to βy  represented by ( )βα ⊥ yx b  if there 

exists subspace ,X⊆V  with codimension 1 such that 

0, ≠γα f
zx    and   ,,,

ff
zkyxzx γβαγα +≤  

 for all   ,R∈k   .z V∈γ  

From Definition 4.3, it remains to agree that in a fuzzy 2-inner product space the 

three types of the orthogonalities are equivalent to an ordinary orthogonality since for 

any norm space ( ).;X  we can always construct a fuzzy norm space ( )..;
f

X  

Then by Theorem 3.5 for any fuzzy norm space we can always construct a fuzzy 2-

normed space ( )...,.
f

X  So, the orthogonal properties that hold for an ordinary 

orthogonal also hold for a fuzzy 2-normed space. However, the interesting case for 

the analysis is that the relationship for a standard fuzzy 2-normed space, if 

,0, ≠βα yx  there always exists { }yxz ,span∉  such that .P βα ⊥ yx  It can be 

stated in the following theorem. 

Theorem 4.4. Let ( )
f

X ..,.  be a standard fuzzy 2-normed space and 

.,0 Xyx ∈≠ βα  If ,0, ≠βα yx  then there exists { }yxz ,span∉  such that 

.P βα ⊥ yx  

Proof. First, select a norm vector δw  orthogonal to a vector space spanned by 
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,, βα yx  where { },,min βα=δ  then construct vector .δβαδ ⋅σ+±= wyxz  

Assume that .1== βα yx  Then we obtain 22
22 σ++±=δ yxz  and 

also 0|, =δβα zyx  holds. This shows that 
( )

( )
.

,

,1
2

2

βα

βα−
±=σ

yx

yx
 Then we can 

select a value of σ  to obtain a value of δz  satisfying .0|, =δβα zyx  ■ 
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