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Abstract

We study some alternative concepts for a fuzzy normed space and a fuzzy 2-
normed space together with a fuzzy inner product space and a fuzzy 2-inner
product space. The method is to make use of fuzzy points. We also discuss the
relation between a normed space and a fuzzy normed space and the
generalization of a fuzzy normed space to a fuzzy 2-normed space. Conversely,
a fuzzy 2-normed space is reduced to a fuzzy normed space. The same method
is applied to fuzzy inner product spaces.

1. Introduction

The theory of fuzzy sets was first introduced by L. Zadeh in 1965. Since then the
applications of the fuzzy sets have advanced in many disciplines. In mathematics, the
developments of the fuzzy sets have advanced not only in analysis, but also in
numerical analysis, operations research, statistics, and algebra [3, 5, 11, 17, 18, 23].

In mathematical analysis, the concept of fuzzy has developed to a fuzzy n-
metric space and a fuzzy n- normed space. The concept of fuzzy normed space and

fuzzy 2-normed space to fuzzy n-normed space are approached from two sides.

2010 Mathematics Subject Classification: 03E72, 26E50, 46B20, 46B40.
Keywords and phrases: fuzzy normed space, fuzzy 2-normed space, fuzzy point.

Received July 2 2015

Repository University Of Riau

FPERPUSTRKRARAND UNIVERSITHS RIRAU

http://repository.unri.ac.id/



@

2 MASHADI and SRI GEMAWATI

First, the fuzzy normed space is intuitionisticly approached using the concept of the
continue n- norm and the continue n- conorm [3, 21, 22, 23, 26]. On the one hand,

the definition of the fuzzy normed space begins by defining a function
N : X xR — [0, 1], where X is a real linear space [4, 9, 25], on the other hand [14,

15, 22] introduce the fuzzy normed space using the fuzzy point approach of a fuzzy
set. However, using the approach they introduce, the previous authors have not
developed yet the fuzzy normed space to fuzzy 2-normed space. They also have not
developed yet a fuzzy inner product space to a fuzzy 2-inner product space. Then,
Mashadi [18] approaches a fuzzy normed space by #-norms and ¢-conorms, but he

does not provide the generalization of a fuzzy 2-normed space.

Based on the above explanation, by a bit modification on the definition of the
fuzzy normed space and the fuzzy inner product space in [14, 15, 16], we construct a
fuzzy 2-normed space and a fuzzy 2-inner product space.

2. Fuzzy Normed Space and Fuzzy Inner Product Space

Let X be any set. Then a fuzzy set A in X is characterized by a membership

function pz(x): X — [0, 1]. Then A can be written as

A ={(x, Hi(a))lxe X,0<pz(x) <1}
Definition 2.1. A fuzzy point P, in X is a fuzzy set whose membership function
is

a, if y=nux,

iy (3) = {

0, else

forall y e X, where 0 < o < 1. We denote fuzzy points as x, or (x, o).

Let X be a vector space over a field K, and let A bea fuzzy set in X. Then A
is said to be a fuzzy subspace in X if for all x, y € X and A € K satisfy

iy (e +y) 2 min{p s (x), nz(y)}k
ii. HA(M) 2 j.LA(x).

Definition 2.2. Let x, be a fuzzy point and A bea fuzzy set in X. Then

X, € Aif o< p(x).
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... FUZZY NORMED SPACE AND FUZZY 2-NORMED SPACE
Definition 2.3. Let X be a vector space over a field K (K = R or K = (), fix

I =0, 1]. Then a mapping from A XA toafield K, that is for each pair of fuzzy

vector Xxq, yp there exists a associated scalar written as (x5 yB) or (x, y)(A),
where A = min{a, B} and o, e (0,1], for all vectors xg, Yg» Zy» Where

A = min{a, B, v} and skalar r holds if it satisfies the following properties:

(FIP1) (x, x)(A) 2 0 and (x, x)(A) = 0 if and only if x = 0.

(FIP2) (x, y)(A) = (y, x) (A).

(FIP3) (rx, y)(A) = r(x, y)(A).

(FIP4) (x+y, 2) (M) = (x, 2) (M) + (3, 2) (L)

(FOP5) If 0<o<a<l, then (x, x)(a)<(x, x)(c), then there exists
0 <o, <o sothat lim,_ ., (x, x)(a,) = (x, x)(a).
Then (., .) (.) is a fuzzy inner product and (X; (., .)(.)) is a fuzzy inner product space.

Kamali and Mazaheri [10] show that if (X; (., .)) is an ordinary inner product
space, if we define fuzzy inner product space as (x, y)(A) =%(x, y) for all

Xq» VB € A, where A = min{a, B} and o, Be (0, 1], then (X; (., .)()) is a fuzzy
inner product space. So, if (X; (., .)(.)) is a fuzzy inner product space and we define
(x, y) = (% y)(A) = (xq, yB), then we have (X; (., .)) an ordinary inner product
space. Kider [14] proves that (X; (., .)(.)) is a fuzzy inner product space, for all
Xg» VB € A, fuzzy Cauchy-Schwarz inequality holds, that is | (x, y)(A) |2 <
(x, x)(A) - (v, y)(A), where a, B e (0, 1] and A = min{a, B}.

Definition 2.4. Let X be a vector space over a field K, and let
(AP A. - [0, ) be a function that associates each point x,, in X, e (0,1]

nonnegative real numbers ||. | ¢ so that

(FN1) || xq |, = 0 if and only if x = 0.
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(FN2) || Mg, || = | M| % ||, forall A e K.

(EN3) [|xo + yg [l < v + 1o -

(FN4)If 0 <o <<, then | xo | <[ x5 |[;. and there exists 0 < o, <o
such that Tim,, e[| xq, [ =1 xo |-
Then |||, is called a fuzzy norm and (X | ;) is called a fuzzy normed space.
Definition 2.4 above is slightly different from the definition given by Kider [14],

where Kider gives the definition in the form of

(FNT) If o =0, then | x || = 0.
(FNI") If o0 # 0, | xq || = 0 if and only if x = 0.

However, property (FN1') should not be exist, because in the previous it
mentioned that o € (0, 1]. So, for the next discussion we remain using Definition 2.4

for the definition of a fuzzy norm.

Based on Definition 2.4, it shows that in [15-17] the relationship between an
ordinary norm and a fuzzy norm that is by defining | xo |, = é" x| for all
xq € X, where ae (0, 1], then (X;||.|| f) is a fuzzy normed space. Conversely if
| xo [ is a fuzzy normed space, then it is defined that || x || = || x ||, =] (x. D,

is a normed space. So, if we have a normed space, then we can always construct a
fuzzy normed space and vice versa, in other words a normed space is equivalent to a
fuzzy normed space. So, all properties that hold for a norm space also hold for a

fuzzy normed space.

Kider [14] and Kider [15] mention that if (X; (., .)()) is a fuzzy inner product

1
space, then the fuzzy norm | xq || = [(x, X )]2 satisfies a fuzzy parallelogram, that

is,
| x+y PO+ x =y [PQ) =20 x PO +] » PW]

for each xo — yg € P(X), where o, Be (0,1] and A = min{c, B}.
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3. Fuzzy 2-inner Product Space and Fuzzy 2-normed Space

Referring to above definitions, for what follows we define a fuzzy 2-inner

product space and fuzzy 2-normed space.

Definition 3.1. A fuzzy 2-inner product space on X, where X is a vector space

over field K, is a mapping from AxA XA into field K, that is for each pair of

vectors Xo, Vg, Zy there exists an associated scalar (xa, yBIZY> or (x, ylz)(?t),

where A = min{a, B, v}, o, B, Ye (0, 1] and is called a fuzzy 2-inner product of
Xo> VB and Zy SO that for all fuzzy vectors xg, VB Ly W where

A = min{a, B, v, 8} and scalar i if it satisfies the following properties:
(F2IP1) (x, xIw)(X) = 0, for each x4, wg € P(X),
(x, xIw)(A) =0 if and only if xy, wg are linearly dependent.
(F21P2) (x, xIw)(X) = (w, wix)(L).
(F2IP3) (x, yIw)(A) = (y, xIw)(X).
(F21P4) (rx, ylw)(X) = r{x, ylw)(}).
(F2IP5) (x + y, zIw)(A) = (x, zlw) () + (y, zlw) (A).

(F2IP6) If 0 <o <p <1, then (x, xIw)(p)<(x, xIw)(c) and there exist
0 <p, <p sothat lim,_,.(x, xIw)(p,) = (x, xIw)(p).

If all of the six properties are satisfied, then (X; (., .l.)(.)) is called a fuzzy 2-inner

product space.

Let (X;(,.l.)()) be an ordinary inner product space. Define

(x, yIlw)(A) =%(x, ylz), then

1. Itis clear that (x, xIw)(X) = %(x, xlz) 2 0.

Let (x, xIw)(A) =0 < (x, xlz) =0 < x, z be linearly dependent.
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2. (x, xIw)y(A) = %(x, xlw) = %(w, wlx) = %(W, wlx) = (w, wlx) ().

3. {x, ylw)(A) =%(x, yiw) =%(y, xlw) =y, xIw) (A).

4. (rx, ylw)() =%(rx, ylw) = r-%((x, yiw) =r(x, ylw)) (D).

(x+y, zlw)(™) =%(x+ y, zlw)
=l((x zZlw) +(y, zIw))
3 (s )

=%(x, Z|W>+%<y, le)
= (x, zlw) (W) + (y. zlw) (V).

6. If 0<o<p<l, then < —, then é(x,xlw)z%(x,xlw) or

Il
p- o

(x, xIw)(p) < (x, xIw) (o).

Next, let p,, = (1 - %)p so that

lim,, .. (x, xIw)(p,) = limn_mpi(x, xlw)
n

1
=—(x, xlw
L xiw)

= (x, xIw)(p).

So, from the six above properties satisfied, it can be concluded that for every

(X; (., .)()) we can always construct a fuzzy inner product space (X; (., .I.)(.)).

Proposition 3.2. Let (X;(.,.)) be a fuzzy inner product space. Define a

function
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(x y)Y(A) (x, w)(A)

x, ylw)y (A) = .
o D=1, N4y (e w)0)
It can be showed that (x, ylw) (L) is a fuzzy 2-inner product.

Proof. (F2-IP1) By Cauchy-Schwarz inequalities, it is clear that
(x, xIw)(X) 2 0, forall x,, ws e P(X).

(F2-1P2)

(rx, ylw)(A) =

(rx, y)(A) (rx, w)(%)‘
(w, y)(A) (w, w)(X)

(x, yY(A) (x, w)y(d ‘
(w, y)A) (w, w)(A)

=r

=r{x, ylw)(A)
(F2-1P3) Thus for property (F2IP4)

(x. ) ) (x, w)(r)
(w, y)(A) (w, w)(X)

_[om@) (o)
(r W) (w, w)(A)

(x, ylw) (A) =

= (y, xl w)s(k).
(F2-IP4) Next, note that

(x, x)(A) (x, w)(A)
(w, x)(X) (w, w)(X)

_ (w, w)y(A) (w, x)(?»)‘
(x, wy(A) (x, x)(A)

= (w, wlx) (D). (*)

(x, xIw) (A) =

(F2-IPS) Note the relationship

(x+y, 200 (x+y,w)})

(x+y, zlw)y(A) = (w, YA (w, wY(L)
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(w, y) (&) (w, w)(2)

(%, 2)(A)  (x, w)(D) ‘4_
(w, y)(A) (w, w)(Q)

= (x, zlw) (W) + (y. zlw) (V).

(F2-IP6) Let 0 < 6 < o < 1. Then é < é and so

é(x, xlw) <

Q~

Remark

1. Notice the relationship

(x, y)(A) (x, w)(h)

(x, ylw) (A) = (w, YYA) (w, w)(D)

_[ 0 ®) G n @)
(y.wyW) (w, w))|

(v 1)) (3 w)M)
(w, x)(X) (w, w)(L)

=y, xlw) (1)

but

(v, x)(A) (3, w) ()
(w, x)(A) (w, w)()

#(x, ylw) (A).

(y, xlw) (A) 2‘

SO <-x’ y|W>s(7\,) = <y’ ‘X|W>s(7\’) # <'x’ ylW)s(%)

2. Notice the relationship

() () = | () ) (X))

W) (koM
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om0 (xw) )‘
(w, x)(X) (x x)(A)

_[mm @) (n oo
o) (00

= (w, wix) Q). (*%)
So, from (*) and (**) it states that
(x, xlw) () = (w, wix) (L)
= (w, wlx) (1)
Then the properties (F2IP3) above can be replaced by {x, xIw) (A)=(w, wix), ().

Referring to fuzzy normed space in [14, 15], if we define for every fuzzy point
Xo + yg = (x + y), by A = max{a, B}, then we can define a fuzzy 2-normed space

as follows:

Definition 3.3. Let X be a vector space over a field K, and let

- - f ‘A — [0, ) be a function associated every point x, yp in A,

a, B € (0, 1] nonnegative real numbers |., | ¢ so that

(FN1) || xo. yg ||, = 0 if and only if x and y are linearly dependent.

(FN2) || xo. yg I, =1l ¥p: ya || forall xo., yp in X.

(FN3) || Axg. yg [l =|A[[ X v [|. forall xq, yg in X and any A € K.

(FN4) [ g+ s 2y | <l xas 2y [ +1 v, 2y || forall xq, yg and zy in X,

(FNS) If O<p<a<l and O<o<B<l, then | xq. yp [, <[ %, vs 4.
and there exists 0<a, <o and 0<f, <B so that lim,_,_| xq,. yp, "f
=l %a yp I -

Then |, .|, is called a fuzzy 2-norm and (X] .. .| ;) is called a fuzzy 2-normed

R Repository University Of Riau
PERPFPUSTRKRAND UNIVERSITARS RIRAU
http://repository.unri.ac.id/



10 MASHADI and SRI GEMAWATI

space. By Definition 3.3 above, we then have the relationship between the ordinary

norm and fuzzy norm as follows:

Proposition 3.4. Let (X].,.|) be an ordinary 2-normed space. Define

Xgs V) 1 x, y|, where &= max{a, B}, for all x4, yg,z e A and
o Blf=7§ o> P 2y

o, B, ye (0,1], then (X] ., . ”f) is a fuzzy 2-normed space.

Proof. Let xq, yp € A, where a, Be (0,1] and A € K. Then

(END) [ % g |, =0 5% y[=0& [ y[ =0 x and y lincarly

dependent.
1 1
(EN2) [ xq. g, =50 vl =50y x[ =1 yp: %o |-

1 A
EN3) [ gl =51y 1= By 1= 1] e g 1

(FN4)

| xo + ¥g» 2y ”f < (x4 y)es 2z ”f’ where T = max{a, B}
1
=—| x+y,
L)

<Lz +%|| v, z . where p = max{z, v}

o~

S&" x,z||+%|| v,z |, where p=max{a, v} and @=max{B, v}

= || xq» 2y ”f +[ yps 2y "f

(FN5) If 0<p<oa<l and 0<o<B<l let &=max{0, B} and

T = max{p, 6}, then T< 3§, so %S %, then " x,8y I < " x,Ty ", it means that

[ x, yI(8) <[ x, y[(c), in other words | xq, yg "f <| x5, ¥ ”f Next let
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1 1 . . 1
a, :(1—;)0( and B, = (1 - ;)B Then lim,,, | xq, . yp, [, =lim, .- E” x|
1
= L =1t v . where 8, = maxa, B} .

Conversely, by Definition 3.3 if | xo, yp [ ; is a fuzzy 2-normed space, define
[ x yl=1x, "f or | x, y|=|xu N "f’ is a 2-normed space. So by

Definition 3.3 and Proposition 3.2 it follows that whenever we have a 2-normed
space, then we can always construct a fuzzy 2-normed space and vice versa, in other
words the 2-normed space equivalent to a fuzzy 2-normed space. So, all properties

applied to norm space are also applied to fuzzy normed space.

Theorem 3.5. Let (X] . | f ) be a fuzzy normed space. Define

oo 1 =y i | xa =l =0
w38 0 = gl 0y I+ dainnya

Then (X] ., .| 7 ) is a fuzzy 2-normed space.

Proof.

(EN.1) It is clear from definition, || xg, B [ I 0, if and only if xq, yg are
linearly dependent.

(FN.2) If xq. yg are linearly dependent, clearly | xq. yg [, =1l yp. Xo [ ;-

then suppose that they are not linearly dependent. Then
R PR B PR R P
=l gl -l ol
= yp. xa I ;-
(EN.3) || Axq, g |y =l Aox M-l gy =12l -l g Wy =1 s g -
(FN.4)

I o + s 2y "f =l xo + yp "f |2y ”f
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S(EM PRI B R EA P
=l xo Iy lzy e +lyplly -l zy s
=[x 2y [ +1 vp 2y [ -
(FN5) If [ xq =g, =0 clearly [ xg. ], <l val, then let

I xa =gl # 0. and 5o 3 |, =l 5 ;I 31, soif O<p<o<l and

0<o<B<l, then és% and lsl, SO é"x"ﬁp"x" in other words

B~ o
I % lf <l x|l Similarly we have | xg |, <[ xq[s so [xg-[ vl

Slxl;-I'vsll, that implies that | xo. yg [, <[ %, voll;- Next let
o, = (1—%)0( and B, = (1—%)[3 Then

li - , = 1 .

im,,_,_|| o, > VB, ”f n1_>m~" Xa, "f I VB, "f

1 1
lim — L
lim o x| 5 ]

=l = -5l =l

=[x lly -1 gl

= xe. yp I -
So, || xq> ¥p "f is a fuzzy 2-norm over X and (X|., "f) is a fuzzy 2-normed
space. "

Theorem 3.6. Let (X, .| ;) be a fuzzy 2-normed space. Define

x5l p =1 x5, ao | +1 x50 b5 I -

where aq, and bg € X are two linearly independent vectors. Then [l x5 | ¥ is a fuzzy

norm and (X||.|| ) is a fuzzy 2-normed space.
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... FUZZY NORMED SPACE AND FUZZY 2-NORMED SPACE 13

Proof.

(FND)If x5 = 0, clearly | x5 |, = 0, conversely let || x5 [ » = 0. Then

I x5 ag I =1 x5 b |
=0.
Then by Definition 3.3, then x5 with a, and by are linearly independent, so there

exist s,7€ R so that x5 = s-aq =1-bg. However, a, and bg are also linearly

independent, then there must be oo = § = 0, so that x5 = 0.
(FN2) It s clear from definitions || Axg || o =L [-| x5 | -
(FN3)
I x5 + vy I = x5+ yyo aq | o +1 x5 + vy 0p |
<| x5, aq "f +| Yy g, "f +| x5, bg "f +] yy bg "f
=l sl +1 vyl
(FN4) If 0 < 0 < 8 <1 above has been shown, there must hold
x5 ao [y < %as ao | and |l x5, bg ||, <1 %6, Bg [
that implies
I xs [l =1l x5 ao |, + 1 x5. bp [
<l %6 aq Il - %o B I
= x5 Il
Doing the similar manner to the proof of (FN5) in Theorem 3.5 above, we obtain
lim, , || x5,. aq, |, = x5. aq ||, and lim,, [ x5 .bg [, =] x5 bl
So,

limy, [ x5,, [l = tim, (| x5, aq, |y +1 x5, a0, )
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14 MASHADI and SRI GEMAWATI
=lim,_, | x5,. aq, |, +1im,, | x5,. b, I,
= x5 aq |+ x5. bp |
=1l x5 |- -

Next, it will be shown another alternative to construct a fuzzy normed space from a
fuzzy 2-normed space.

Theorem 3.7. Let (X]., .| f ) be a fuzzy 2-normed space. Define

1
2 2 1=
I xs I =1 x5 ao I +1 % 5 7 12,
where aq and bg € X are two linearly independent vectors. Then [l x5 | ¥ is a fuzzy
norm and (X] . | f ) is a fuzzy 2-normed space.
Proof.
(FN1) Let x5 =0. Then it is clear that || xg ||>1kf =0. Conversely, let
[ x5 ”Tf =0, it will be shown that xg = 0. Then, there must || x5, ay "f‘ =0 and

| x5 by ||3c =0, if and only if x5 = kj - ag =k, - b, for some kj, k € R, since

ay and bg there must k; = ky =0, so X5 =0.

(FN2)
. 2 2
I7xs [l = [ x5, aq [ + 1 755, bg [ 12
2 2 2
=[r°( x5, ag [+ x5, 0 [ 12
2 2
= ]| x5, aq 7 + 1 5. bp [ 12
=r-| xs -
(FN3)

1
x5+ v I = 05+ vpe ag 5 +1 x5 + yp. b 15 T2
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... FUZZY NORMED SPACE AND FUZZY 2-NORMED SPACE 15

(x5 + 3 i) = [ 55 + 3ps aq [ +1 x5 + 3. B 17 ]
2 2
<[ x50 aq Iy +1 vps aa llp)™ +Cllx g Iy +1 3 B [l )7
2 2 2 2
<l x5 ao [y +1 vps aa llp )7 +1 x5 b [ +1 vps g [ ]

2 2 2 2
< 6o a [+ %50 B Iy + 1 yps @ [ + 1 vps B 171

2 2 2 24
< xas aq I + 1 % g 1312 + [l yp. aq [ + 1 vp- B [ 12
So,
| x5 + vp ||>1kf <| x5 ">ka +[ vp ||>1kf

(FN4) If 0 <o <8 <1, since (X].,.[;) is a fuzzy 2-normed space, then it

holds | x5, ag ||, <|| x5. aq [ and | x5, yg || <| x6. yp [, such that
* 2 2 i
Ixs iy = [ x5 @ [l + 1 x5 bg [7 12

2 PRL
=l x5 a [y +1 x5 by [ 12

2
=1l s [i7y-
Next, doing the similar proof to (FN5) Theorem 3.6 above, we have
. * *
timy, | x5, ly =1 %5 -

From the above four conditions it implies that
x 2 2
Il x5 ||1f =[]l x5, aq ”f +| x5, g ||f]2
is a fuzzy normed space. ]
4. Orthogonality

On a norm space there are many types of orthogonalities that are introduced by
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many authors. However, in this paper we discuss only three orthogonalities as

follows:

Definition 4.1. Let (X; ||.|) be a norm space. Then
i. Vector x is said to be a P-orthogonal to vector y if || x+y ||2 =|x ||2 +|y ||2
ii. Vector x is said to be an I-orthogonal to vector y if || x + y ||2 >|x—-y ||2

iii. Vector x is said to be a B-orthogonal to vector y if || x+ o< y ||2 > x ||2 for

each o € R.

Meanwhile the concepts of orthogonality in a 2-norm space have been developed

by many authors as the following definition states:

Definition 4.2. Let (X; ||., .|) be a norm space. Then

i. Vector x is said to be a P-orthogonal to vector y if | x + y, z ||2 =|xz ||2

+| v z ||2 foreach z € X.
ii. Vector x is said to be an I-orthogonal to vector y if || x+y, z|* | x—y, z |*.

iii. Vector x is said to be a B-orthogonal to vector y if || x+ o< y, z |* || x, z |*

for each o € R and foreach z € X.

Definition 4.2 attracts so many criticisms [4, 7, 8, 10], specially for B-othogonal. We
also critisize that definition, because if the above definition is used then the three
orthogonalities are nothing. Meanwhile if we make use of the definitions of
orthogonalities from [1, 2], then one of the vector x or y must be a null vector, the

same view is also provided by [4, 10].

Based on the modified definitions of orthogonalities in 2-norm space including
the ones given in [7, 8], in what follow we give the modified definitions of

orthogonalities in a fuzzy 2-norm space.
Definition 4.3.

i. xq is said to be P-orthogonal to represented yg by (xq Lp yg) if t here

Repository University Of Riau

FPERPUSTRKRARAND UNIVERSITHS RIRAU

http://repository.unri.ac.id/



&

... FUZZY NORMED SPACE AND FUZZY 2-NORMED SPACE 17

exist subspace V < X, with codimension 1 such that
2 2 2
I %o+ vps 2y [|# 0 and | xg 2y [+ vg. 2y 7 =l % + 3p 2y [}
for all iy € V.

ii. xq is said to be an I-orthogonal to yg represented by (xo Ly yg) if there

exists subspace V < X, with codimension 1 such that
2 2
I xo +yps 2y |, 20 and [ xq + yp. 2y [ = %o = 35 2y I}
for all iy € V.

iii. xo is said to be B-orthogonal to yg represented by (xo Ly yg) if there

exists subspace V < X, with codimension 1 such that
| x> 2y ”f #0 and | xg, zy ”f < xq + kv, 2y "f’
forall ke R, zy € V.

From Definition 4.3, it remains to agree that in a fuzzy 2-inner product space the
three types of the orthogonalities are equivalent to an ordinary orthogonality since for

any norm space (X;||.|) we can always construct a fuzzy norm space (X; ||.|| ; ).

Then by Theorem 3.5 for any fuzzy norm space we can always construct a fuzzy 2-

normed space (X.|., .| / ). So, the orthogonal properties that hold for an ordinary

orthogonal also hold for a fuzzy 2-normed space. However, the interesting case for
the analysis is that the relationship for a standard fuzzy 2-normed space, if

| xo» yg || # O, there always exists z & span{x, y} such that x, Lp yg. It can be

stated in the following theorem.

Theorem 4.4. Ler (X.|., .| f) be a standard fuzzy 2-normed space and
0+#xq, ype X. If | o> VB | # 0, then there exists z & span{x, y} such that
Xo Lp VB

Proof. First, select a norm vector wg orthogonal to a vector space spanned by
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[ xq» yg |, where & = min{a, B}, then construct vector z5 = xo * yg + G- ws.

Assume that || xo || =] yg || =1. Then we obtain | z I =2+2(x+y) +0? and
. 2 1= (xgs B )2
also (x¢, yglzs) =0 holds. This shows that 6~ = +————<—. Then we can
(o B )
select a value of G to obtain a value of zg satisfying (x, vg! z5) = 0. ]
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