
Mashadi, Syamsudhuha, M D H Gamal dan M . Imran, (Eds) 
Proceedings of the International Seminar on Mathematics and Its Usage in Other Areas 
November II-12,2010 
ISRNq75t.07q.i997.os.? . 

T H E M A X I M A L I D E A L O F L O C A L I Z A T I O N O F R I N G P O L Y N O M I A L O V E R 
D E D E K I N D D O M A I N 

M o n i k a R i a n t i H e l m i 

Algebra Reseaxch Group, 
Department of Mathematics, Andalas University, Padang, Indonesia. 

E-mail: monika@fmipa.unand.ac.id 

A B S T R A C T 

Let i? be a Dedekind domain with infinitely many primes and {/) C R[X] a principal prime 
ideal which is not maximal. Let m be a maximal ideal of R[X] and n be a maximal ideal of 
R[X]/ ( / ) . Then localization of R[X]/(/) at n is principal if and only if there exist t in 
such that mi?[X]ni = 

K e y w o r d s : Dedekind domain, localization, maodmal ideal 

I N T R O D U C T I O N 

Integral domain R with field of fraction Q{R) ia a Dedekind domain if R are Noetherian, 
integrally closed in Q{R) and every nonzero prime ideal is maximal ideal of R. Some examples 
of Dedekind domains are the ring of integers, the polynomial ring F[X] in one variable over any 
field F, and any other principal ideal domain, but not all Dedekind domains are principal ideal 
domains. 

Localization is systematic method of adding multiplicative inverses to a ring. The localization 
of i? by 5 can be denoted by S~^R or Rs . li R is integral domain with field of fractions Q{R) 
, and p is prime ideal of R , then the localization of iZ at p is the subring 

Rp = {-e Q{R) ; r € i i and s inR\p} 
s 

of Q{R) . It is a local ring, with maximal ideal pRp. In this work we proof the following : Let 
i? be a Dedekind domain with infinitely many primes and (/) C R[X] a principal prime ideal 
which is not maximal. Let m be a maximal ideal of R[X] and n be a maximal ideal of R[X]/ (/). 
Then localization of R[X]/ {/) at n is principal if and only if there exist t in /? [X]m such that 
mR[XU = {t,f). 

D E D E K I N D D O M A I N A N D L O C A L I Z A T I O N 

A D e d e k i n d d o m a i n is an integral domain satisfying the following three conditions : 

1. i? is Noetherian ring. 

2. R is integrally closed. 

3. Every nonzero prime ideal of R is maximal. 

A Principal Ideal Domain (FID) satisfies all three conditions and therefore a Dedekind Do
main. Hillman (1986) has proved that no maximal ideal of ring polynomial over a Dedekind 
domain is principal. 

Let R he & ring and S C Ra m u l t i p l i c a t i v e set; that is, suppose that : 
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1. 5 ^ 0 dan 1 € 

2. If o . b e S t h e n a b e S , . 

Suppose that / : R —V B is a ring homomorphism satisfying the two conditions : 

1. f{x) is a unit in B for ail x e S. 

2. Ii g : R B ' is & homomorphism of rings taking every element of 5 to a unit of B' then 
there exist a unique homomorphism h.B-^B' such that g = hf. 

Ring B satisfying the previous conditions is called the l o ca l i za t i on or the r i n g of fractions 
of R with respect to 5.We write B = S~^R ox R„ where 

S-'^R = {- € Q{R) ; r G i? dan s € 5} 
s 

Now define the following operations on B 

o a_ aa 
b'b' " bb' 

Furthermore, define / : R —> S'^R with / (a) = f , for all a e R, and / is a ring homomor
phism. 

T h e o r e m 2.1. (i) All the ideals of R, are of the form IR,, with I an ideal of R. 
(ii) Every prime ideal of Rs is of the form pRs with p o prime ideal of R disjoint from S, and 
conversely, pRg is prime in Rg for every such p. 

Let p be a prime ideal of R, and set 5 = i? — p. In this case we usually write Rp for Rg. 
the locaHzation Rp is a local ring with maximal ideal pRp. Indeed, as we saw in theorem before, 
pRp is a prime ideal of Rp, and furthermore, if J C i?p is any proper ideal then I = J D R is 
an ideal of R disjoint from R - p, and so 7 c p, giving J = IRp c pRp. The prime ideals of Rp 
correspond bijectively with the prime ideals of R contained in p. 

T h e o r e m 2.2. Let p is a prime prim of R, then : (i) There is a one-one correspondence between 
the set of prime ideals of R contained in p and the set of prime ideals of Rp. 
(ii) The ideal pRp in Rp is the unique maximal ideal of Rp. 

The result give us the following definition " A loca l r i n g is a commutative ring with ide^' 't-
which has a unique maximal ideal." 

Example : 1. Every field is a local ring with {0} is its maximal ideal. 2. if p is prune 
and n > 1 , then Zp.. is local ring with unique maximal ideal (p). Let R is Dedekind domain 
and (/) C R[X] a principal prime ideal which is not maximal. Let m is maximal ideal of R[X] 
and i?[X]ni is localization of R[X] at m. Then, no maximal ideal of i?[vY]m is prmcipal and 
mR[X]m/{mR[X]m)^ is two dimensional vektor space over the field i?[X]m/tni?[X]m.(Helmi, 
2009). 

T H E M A X I M A L I D E A L O F L O C A L I Z A T I O N O F R I N G P O L Y N O M I A L O V E R 
D E D E K I N D D O M A I N 

We wil l start with a lemma before given proof of our main theorems. These lemmas wil l be used 
to proof our first main theorem. 

Now, let i? be a Dedekind domain with infinitely many prime ideals. A n d let m and n be a 
maximal ideal of R[X] and S, respectively. Let R[X]m be a localization of at m and Sn be a 
localization of of S at n. Then the following diagram will be used to proof our theorem. 
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TTi : R[X] —> R[XU 
r(x) ^ f(ar) = r M 

i 
1X2 : S = R[X\/{f) 5„ = [i?[X]/( />]„ 

L e m m a 3.1. Maximal ideal of R[X] which is contained f, is one-one correspondence with 
maximal ideal of S = R[X\/ {/). 
Proof See Helmi[3] for the details. • 

Now, we state our main theorems. T h e o r e m 2.1. Let R he a Dedekind domain and 
(f) C R[X] be a principal ideal which is not maximal. Letm be a maximal ideal of R[X\.If f € m 
maps to f £ R[X]m, then there eocist a ring homomorphism R[X]m/(f) — Sn = [R[X]/ {f)]ny 
for all n , the maximal ideal of R[X]/ (/). 
Proof Let us define a map, 

e : R[xu/{f-) [R[x]/{f}U 

where s{x) ^ m and s{x) -\- (/) ^ n. First , we wil l proved that [[l]X\f) = ^ + (/> -Since 

and 

then (s{x) + ( / » - ^ = + (/)) , therefore 

. ( K . ) - f ( / » ( . ( x ) - ^ ( / » -

= (^(-) + ( / » ( ^ + </)) 

r(x) 
s{x) + {f) 

Suppose / = ao+aix+a2x2-f ...+a„a;" maps to / = ( . Let + , ̂  + </) G R[XU/(/>, 

a n d ^ + ( /) = ^ + ( / ) , t h e n 

ri{x) r2{x) 
si{x) S2ix) 

njx) _ r2{x) 
si{x) S2{x) 

e if) 

= h{x).f 

= h{x).^ 

= h{x).f 

= if) 

! l M 4 . / A I2(x) , , 
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Hence, $ is well defined. For any o = ^ + </> , 6 = ^ + (/) 6 R[XU/ (f) then 

= 9 + 
>i(x).32(x)-fr2(x).3i(x) 

Sl(x).S2(x) 

n(x).g2(x) + r2(x).si(x) + (/) 

S1(X).S2(X) + ( / ) 

</)) 

^n(x).S2(x) + r2(x).si(x) 
Si{x).S2{x) 

= 9{a) + e{b) 

) + (/> 

and 

e{ab) = e 
' r i ( x ) 

= e 

= e 

( ( s i ( x ) ' ) ' \S2{X) 

((n{x).r2{x)\ \ 

\\S^{X).S2{X))^'^^') Sl (x ) .S2( 
ri(x).r2(x) + (/) 

Si{x).S2{x) + {f) 

ri(x).r2(x) ^ 

Si(x).S2(x) 

/ ri(x) r2(x)\ 

Vsi(x)'s2(x); 

ri(x) 

.si(x) 

= eia).eib) 

+ (/> 

and also 

+ (/> 

r-2(x) 

52 (X) 

! + (/) 

! + (/> 

+ (/> 

Hence, 0 is a ring homomorphism. Suppose e{a) = and e{b) = where 0(a) 

e{b). Since 

n(x) + (/) _ r i ( x ) , r2(x) + (/) _ r2(x) 
5i(x) + (/) - 51(X) + ^-^^ 52(X) + (/) 52(X) 

thus, 
n(x) + (/) 

S2(x) + (/) 

r2(x) + (/) 

5l(x) + (/) S2(x) + {/) 
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hence 

rijx) raCx) 
si{x) S2{X) ^ 

njx) _ r2(x) 
St{x) 52 (x) 

h{x).f 

h{x) {OQ + aix + 0 2 X ^ + ... + a„x") 

. , . (ttO + ttlX + a 2 X ^ + ... + UnX"-) 
= Hx)- J 

= h{x).{ 

== if) 

S 1 ( X ) ^ W S 2 ( X ) ^ ^ - ^ ^ 

So, we have shown that 6 is injective. Finally, for any G [R[X]/{f)]„, and since 
maxsimal ideal n is one-one correspondence with m, hence, s{x) ^ m. Now, 

r(x) + ( / ) ^ r ( x ) 
s(a;)-!-(/) sCx)"^^-^' 

then, for all j f f j ± j g G ( / ) ]„ there exist fg } + </) G R[XU ( / ) , such that 

^ + ( / ) ) = ^ ^ ^ ^ ^ that R[XU (f) - 5„ = ( /)]„ . 

T h e o r e m 3.3. Let R is Dedekind domain and (/) c R[X] a principal prime ideal which 
is not maximal. Let m is maximal ideal of R[X] and n is maximal ideal S = R[X]/ {/). Then 
localization of S at n is principal if and only if there exist t in R[X]m suth that mR[X]m = (t,f) . 
Proof Since •?„ = R[X]m/ (f), then maximal ideal of Sn , which is ttiSn isomorphic to 
mR[X],n/ if) • Suppose that mR[X]„,/(/) is principal ideal. Let mR[X]m/ </) = <* + </)) , 
then mR[X]m/ (f) = {{a + ( /)) (* + ( / » ; a G R[X],n} . Let y G mR[XU, hence, y + (f) £ 
mR[XU/ if), thus, 

y + {f) = ((«+(/»(* + </))) 
= at + {f) 

Hence, 

and 
y-ate{f) 

y-at = hf 
y = at + hf 

where a, 6 G R[X]m, and / G m/?[X]m. Since y G mR[X]m hence mR[X]m = (*, /) . Conversely, 
suppose there exists t G such that mi?[X]m = ( t , / ) . For any w G i?[X]m, we have 

w = {t,f) 

w = at + bf; a,b£R[X],n 
w-at = hf 
w-at G (f) 
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Hence 

w + {f) = at + {f) 

= (« + </))(* + < / » 

Thus 

w + {De{t + {f)) 

It is clear that w + (f) e mR[X]m/ ( / ) . Hence, mR[X]m/ (f) is principal. • 

C O N C L U D I N G R E M A R K S 

The main theorem in this work can be used to proof the main theorem in [2], which is, if is a 
Dedekind domain and / generates a prime ideal of R[X] which is not maximal, then the domain 
R[X]/ (/) is Dedekind if and only / is not contained in the square of any maximal ideal of R[X] 

A c k n o w l e d g e m e n t . In gratitute to Dr. Muchthadi Intan Detiena, in a long discuss and in a 
complicated this work. 
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